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The linearized Euler equations are used widely in many aerodynamic noise prediction schemes. The linearized
Euler equations also support instability waves, which can obscure the acoustic solution. An approach to suppress
the instability waves is to solve the linearized Euler equations in the frequency domain. Also, the frequency domain
approach is far less expensive compared to the time domain approach in terms of the computational time though
only a single frequency can be computed at one time. The application and comparison of two unstructured grid
methods for the solution of aeroacoustic problems in the frequency domain are presented. Algorithms are developed
using the discontinuous Galerkin and the streamline upwind Petrov–Galerkin finite element methods in two spatial
dimensions on conforming triangular meshes using nodal polynomial basis sets. Unlike other existing frequency
domain solvers, no assumption is made regarding the nature of the mean flow. The application of the two methods
to a two-dimensional benchmark problem involving the suppression of instability waves is presented. The two
methods are compared in terms of the computational cost. It is concluded that the discontinuous Galerkin method
is prohibitively more expensive compared to the streamline upwind Petrov–Galerkin method for aeroacoustic
applications in the frequency domain using conforming meshes and nodal polynomials.

Nomenclature
A = coefficient matrix
B = elemental edge flux matrix
C = reaction matrix
h = size of �e

I = identity matrix
j, k, r = indices
K = stiffness matrix
M = Mach number of mean flow
M = mass matrix
N = size of basis set
Nel = number of nonoverlapping elements in �
Nnz = number of nonzeros in global matrix
p = acoustic pressure
pd = degree of basis set polynomials
q = dependent variable(s)
R = universal gas constant
s = acoustic source term
t = time
u, v = x and y acoustic velocity components
x, y = coordinates
xb = coordinate in buffer layer
γ = ratio of specific heat coefficients
κ, ε = positive constants in damping function σ
λ = spectral radius of A
ρ = acoustic density
σ = damping function in buffer layer
τ = stability parameter in streamline upwind

Petrov–Galerkin formulation
ψ = basis set polynomial
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� = bounded computational domain
ω = frequency of acoustic solution
⊗ = Kronecker product, defined in Appendix B
� = row multiple, defined in Appendix B

Superscripts

e = value or approximation of a quantity in �e

NE = value or approximation of a quantity in the
neighboring element

∼ = spatial component of acoustic solution

I. Introduction

A ERODYNAMIC noise in a turbulent flow originates from the
unsteady motion of turbulent structures in the flow, usually

in a shear layer or near a solid surface. The sound generated then
propagates to the far field through the nonuniformly moving air.
Computational fluid dynamics codes based on some form of turbu-
lence modeling can be used to characterize the sources of noise in the
flowfield. Because acoustic perturbations are small, linear methods
can be used to simulate the propagation of sound to far-field observer
locations. One such method involves the solution of the linearized
Euler equations (LEE). The LEE describe the propagation of sound
waves in a nonuniform mean flow.

The LEE also support spatially growing solutions for certain
source frequencies. However, these instabilities, which are known
as the Kelvin–Helmholtz instabilities, are limited in a real flow by
the nonlinear effects present in the full governing equations, namely,
the Navier–Stokes equations. In other words, the instability wave so-
lutions are a consequence of the simplification of the full equations
of motion. Often, the acoustic solution is obscured by the nonphys-
ical instability solution. Various techniques have been attempted
by several researchers to suppress the instability wave solution in
the time domain solution. These techniques range from assuming
zero gradient in the mean flow to numerical filtering of the insta-
bility waves. A detailed discussion of the techniques is given by
Agarwal et al.1 In the same study, an approach to suppress the insta-
bility waves was presented, that of solving the LEE in the frequency
domain. In the frequency domain, a harmonic response is assumed
for the acoustic variables. The frequency of response is chosen as
the frequency of oscillation of the source. The transformation to the
frequency domain modifies the originally hyperbolic LEE to an el-
liptic system of equations. Because the boundary conditions affect
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the solution at every point inside the computational domain for an
elliptic system, the algebraic system of equations obtained after nu-
merical discretization needs to be assembled and solved globally.
The acoustic solution is reconstructed easily in the time domain
by an inverse Fourier transform. Because a global solution is ob-
tained in a single-matrix inversion process, the frequency domain
approach is far less time consuming compared to a time domain so-
lution. However, the frequency domain solution is limited to a single
frequency of excitation. The comparison of the frequency and time
domain solution approaches for practical aeroacoustic applications
is a relatively new area of research.

The use of iterative techniques to solve the resulting global matrix
in the frequency domain approach has been discussed by Agarwal.2

It has been shown that the use of an iterative technique to solve
the global matrix is usually equivalent to a pseudo-time-marching
method and, hence, produces an instability wave solution. Hence, the
solution of the global matrix needs to be sought using direct methods
such as Gaussian elimination or lower–upper (LU) decomposition
techniques to suppress the instability waves. It is possible that other
iterative techniques could be used as long as they do not mimic a
time-marching procedure.

Several researchers have attempted to solve the linearized Euler
equations in the frequency domain.1 However, in all such implemen-
tations, some assumption has been made regarding the mean flow
gradients, or the equations themselves have been altered to obtain a
Green’s function for the resulting set of equations. For example, the
assumption of no gradients in the direction of the mean flow allows
the reduction of the LEE to Lilley’s equation, for which an analyt-
ical solution can be found. Agarwal et al.1 solved the LEE in the
frequency domain using a second-order finite difference method.
The LEE were, however, reduced to a single, Lilley’s equation. A
frequency domain solution of the LEE for the acoustic propagation
and scattering of jet noise around an aircraft was sought by Xu et al.3

They did not reduce the LEE to an equation with an analytical so-
lution. However, the mean flow around the aircraft was assumed to
be irrotational, so that the momentum equation reduced to an alge-
braic relation between the density and the velocity potential. Hall4

developed a finite element method (FEM) for computing the aeroa-
coustic response of turbomachinery blades in the frequency domain.
The descritization was developed for the full potential equations of
flow in two spatial dimensions, with an assumption of a uniform
mean flow. The resulting numerical equations were solved using
LU decomposition. The development of a frequency domain solver
for the case of a general mean flow configuration is still an issue
that needs much attention because, in realistic applications, sim-
plifying assumptions cannot be made. A three-dimensional block
structured LEE solver, LINFLUX, was developed by Montgomery
and Verdon.5 The solver used the finite difference method (FDM).
Several aeroacoustic and aeroelastic problems for a turbomachinery
cascade were solved. LINFLUX allowed for a spatially nonuniform
mean flow within the LEE.

Numerous practical applications involving complex geometry,
such as aerodynamic noise prediction from internal mixer configu-
rations in a jet engine or fan exhaust noise, demand the use of un-
structured grids. It is very difficult and expensive to apply the FDM
on unstructured grids, and FEM is a natural alternative. The primary
goal of the present work is the initial development and demonstra-
tion of a finite element frequency domain solver of the full LEE for a
general mean flow configuration. The application of two versions of
the FEM to the solution of the LEE in the frequency domain is stud-
ied in two spatial dimensions: the discontinuous Galerkin (DG) and
the continuous streamline upwind Petrov–Galerkin (SUPG) meth-
ods. The problem considered is a benchmark problem involving the
shear-layer instabilities in a subsonic jet flow in two dimensions
from the workshop on benchmark problems.6

The DG method was originally developed for hyperbolic con-
servation laws.7 In recent years, it has been applied to elliptic
equations.8 Later, a comprehensive discussion of the literature on
the DG methods applied to elliptic equations was provided by
Arnold et al.9 The basic principle of the DG method lies in al-
lowing the solution to be discontinuous across each element in the

computational domain. The discretized Galerkin equation is solved
locally in each element. The communication between the elements
is achieved by a calculation of the Riemann flux across the element
boundaries. A detailed discussion of various aspects of the imple-
mentation of the DG method for problems in aeroacoustics is given
by Rao.10 Although initially regarded as computationally expensive,
later developments by Atkins and Shu11 and Rao and Morris12 have
made the DG method more efficient in terms of computational cost.
The solution process using the DG method for a hyperbolic problem
involves marching in time, and at each time step the domain is swept
element after element. Separate linear systems are solved for each
element. However, for an elliptic problem, the solution is globally
dependent, and, hence, an assembly of elements is necessary. In the
DG method, because each element has a separate set of variables,
the size of the resulting global matrix is large compared to the size
of an equivalent matrix obtained using a continuous Galerkin FEM
or FDM. In this paper, it is shown in Sec. V that the DG method
requires a very large usage of memory compared to a continuous
Galerkin method when an assembly of elements is performed.

As an alternative to the memory-expensive DG method for fre-
quency domain problems, the streamline upwind Petrov–Galerkin
(SUPG) method is considered. It is well known that the conventional
Galerkin methods are unstable for convection-dominated problems
(see Ref. 13). The SUPG method was developed by stabilizing the
conventional Galerkin method by the addition of an artificial dissipa-
tion function to the trial space functions of the Galerkin formulation
(see Refs. 14 and 15). The artificial dissipation is controlled with a
stabilizing parameter, usually denoted as τ . The stabilizing parame-
ter is determined based on several factors, including the element size
and the convection velocity.13 The choice of the stabilizing parame-
ter has been the subject of many research studies.16−18 A consistent
methodology for the design of the stabilizing parameter is yet to be
established. The methods used by many of the researchers are either
ad hoc or involve very complex calculations for specific problems.
Several researchers19−21 have already applied the SUPG method to
the compressible Navier–Stokes and Euler equations. In this paper,
the application of the SUPG method to the linearized Euler equa-
tions in two spatial dimensions is considered.

The remainder of this paper is organized as follows. In Sec. II, the
Galerkin method is applied to the LEE in the frequency domain in
two dimensions. This is followed by a note on the application of the
DG method in Sec. III. An outline of the methodology for the as-
sembly of equations is presented. The solution using the DG method
for the plane jet benchmark problem6 is presented in Sec. III.C. A
comparison of the DG method with the continuous Galerkin method
in terms of the computational expense is carried out in Sec. IV, par-
ticularly for applications in frequency domain aeroacoustics. Then,
in Sec. V, a stabilized continuous Galerkin method is used to seek
the suppression of the instability wave solution. Finally, the results
are summarized in Sec. VI.

II. Frequency Domain Formulation
Consider the LEE in two dimensions, written in nondimensional,

conservation form, in Cartesian coordinates:

∂q
∂t

+ ∂Ar q
∂xr

+ Cq = s, for r = 1, 2 (1)

with x1 ≡ x and x2 ≡ y,

q =

⎧⎪⎪⎨⎪⎪⎩
ρ

u

v

p

⎫⎪⎪⎬⎪⎪⎭ , A1 =

⎡⎢⎢⎣
Mx ρ0 0 0

0 Mx 0 1/ρ0

0 0 Mx 0

0 γ P0 0 Mx

⎤⎥⎥⎦

A2 =

⎡⎢⎢⎣
My 0 ρ0 0

0 My 0 0

0 0 My 1/ρ0

0 0 γ P0 My

⎤⎥⎥⎦
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∂y
(γ − 1)

(
∂ Mx
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2)

and s, a vector of time-varying acoustic source terms. Here,
ρ0, Mx , My , and P0 are the values of the mean density, velocity
components, and pressure, respectively, nondimensionalized using
appropriate reference values. The mean flow quantities can be spa-
tially varying. Ar denotes the coefficient matrices. The matrix C,
made up of the derivatives of the mean flow quantities, is called the
reaction matrix.

In the frequency domain approach, a time harmonic response is
assumed for the acoustic variables of the form

q = q̃ exp(−iωt)

with the frequency of response ω equal to the frequency of oscil-
lation of the source. A tilde represents the spatial variation of the
variables. Under this assumption, the linearized Euler equations re-
duce to

−iωq̃ + ∂Ar q̃
∂xr

+ Cq̃ = s̃ for r = 1, 2 (3)

Let the computational domain � be divided into Nel number of
nonoverlapping elements �e that span the entire domain. In this
study, the two-dimensional element �e is taken to be an unstructured
triangle with straight edges. Let q̃e represent an approximation to
the variable q̃ in �e using functions of a basis set ψ j as

q̃ ≈
N∑

j = 1

q̃e
jψ j (4)

The size of the basis set N is a function of the degree of the basis
polynomials pd and the number of spatial dimensions. Here, q̃e is a
4N vector of the nodal values for all variables in q̃,

q̃e = {
ρ̃e

j , ũe
j , ṽ

e
j , p̃e

j

}T
, for j = 1, . . . , N (5)

Similarly, let s̃e be the vector of the nodal acoustic source values
for each equation in Eqs. (3). In the present study, the basis set
polynomials are chosen as Lagrange interpolation polynomials. The
use of Lagrange polynomials reduces the computational cost as well
as the complexity in the algorithm, as noted by Rao and Morris.12

When Lagrange polynomials are used, the flux expressions are also
easily interpolated. For example, the approximation for the term
Mx ũ can be written as

Mx ũ ≈
N∑

j = 1

(
Me

x j ũ
e
j

)
ψ j (6)

with Me
x j being the values of Mx at the nodes of the element. The

application of the traditional Galerkin method to Eq. (3) using Eq. (4)
yields, for k = 1, . . . , N ,∫

�e

ψk

(
−iωq̃e + ∂Ar q̃e

∂xr
+ Cq̃e = s̃e

)
d�e = 0 (7)

III. DG Method
In the DG approach, Eq. (7) is integrated by parts, discretized,

and solved within each element. The basis polynomials in Eq. (4)
are defined locally in the element. A brief discussion of the applica-
tion of the DG method following a Galerkin formulation similar to
Eq. (7) is provided in Appendix A for a scalar elliptic equation. The
discretized equation following the DG approach within an element
for Eq. (3) is written as

Peq̃e +
3∑

j = 1

PNE j q̃NE j = f e (8)

with

Pe = [−iωI ⊗ Me + Ae
r � Ke

r + Ce � Me
]

+ 1

2

3∑
j = 1

[[
Ae

r n j
r

] � Bej + αI ⊗ Bej
]

(9)

PNE j = 1

2

3∑
j = 1

[[
ANE

r n j
r

] � Bej − αI ⊗ Bej
]

(10)

f e = [
I ⊗ Me

]
s̃e (11)

The superscript NE j denotes the values from the neighbor element
on side j . The expression for the mass matrix Me and the stiffness
matrices Ke

r are given in in Appendix A. The elemental edge matrix
Bej for a given side j of the triangular element is also given in
Appendix A. The symbols ⊗ and � are defined in Appendix B.

The elemental equations need to be assembled to form a global
matrix. In the global assembly, the only connection between the
elements is through the elemental boundary matrices. Because the
solution in each element is discontinuous, each element has its own
set of 4N nodal variables, for the nodal values of the four variables
in q̃e. There are a total of 4N × Nel variables in the computational
domain. The structure of the global matrix is shown in Fig. 1. The
global matrix is made of smaller block matrices. The numerical
equation from each element occupies a set of 4N rows. The diagonal
block matrix in a set of rows for an element corresponds to the
contribution from the element. There are three more blocks in the
same set of rows, from the three neighbors surrounding the element.

A. Boundary Conditions
In this study, a buffer-zone-type boundary condition is imple-

mented. The physical domain of a problem is surrounded by a buffer
zone of sufficient width. The acoustic amplitudes are damped by
adding an imaginary component to the frequency only in the buffer
zone, similar to the method used by Agarwal et al.1 In the buffer
zone,

ω → ω[1 + iσ(x, y)] (12)

Fig. 1 Structure of global matrix and vector of variables in frequency
domain DG method.
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The damping function σ is varied smoothly from zero at the begin-
ning to a maximum value at the end of the buffer zone. The values
of the acoustic variables are assumed to be zero on the boundary
of the computational domain. For a one-dimensional problem, the
damping function is taken as

σ(x) = ε
[
1 − exp

(
κx2

b

)]/
[1 − exp(κ)] (13)

with xb being the coordinate in the buffer region normalized by the
width of the region and where ε and κ are taken as positive constants.

B. Direct Solver
In the present work, a sparse LU decomposition solver routine

from MATLAB® 22 is used to solve algebraic systems of reasonably
small sizes, of the order of a few tens of thousand rows. For algebraic
systems of a larger size, a parallel solver called SuperLU23 is used.
The size of the global matrix is stated from this point in terms the
number of rows. SuperLU is an open source sparse matrix LU de-
composition solver with message-passing-interface-based parallel
implementation written in C. It has been extensively tested on vari-
ous parallel platforms. The only constraint with the SuperLU solver
is that the sparse matrix must be written in the Harwell–Boeing for-
mat. The alternative is to modify the solver’s source code itself, but
this is a tedious process that, in turn, would consume more time and
effort. In the present work, the elements of the global matrix are
written out in the coordinate-storage format, and then a modified
MATLAB routine from Li24 is used to write out the global matrix
in the Harwell–Boeing format.

a) 8500-element, 89 ×× 49 grid

b) Profile of mean flow in x direction

Fig. 2 Benchmark problem.

C. Application to Benchmark Problem
The benchmark problem from the fourth Computational Aero-

acoustics workshop6 is chosen as the test problem. The problem
concerns the radiation and refraction of acoustic waves generated
by a time harmonic source immersed in the shear layer of a jet. The
geometry of the computational domain, and the mean flow profile,
are shown in Fig. 2. The problem domain is −50 < x < 150 and
0 < y < 50. The source is located at the origin. The frequency of
excitation of the source is 76 rad/s. Along the centerline y = 0, the
Mach number of the mean flow, which is only in the x direction,
is 0.756 based on the speed of sound in the jet. The gradient of
the mean flow in the y direction is very high, between y = 0 and
y ≈ 4, compared to the region 4 < y < 50. An instability wave is
excited by the source at the specified frequency of the source, but
only the acoustic solution is obtained by solving the LEE in the
frequency domain. The instability wave and the acoustic solution
from Agarwal et al.1 are shown in Fig. 3, where the instantaneous
pressure values at y = 15 at the end of a cycle of oscillation of the
source are plotted.

The physical domain is surrounded by a buffer domain in which
the acoustic amplitudes are damped by adding an imaginary compo-
nent to the frequency. The computational domain is −250 < x < 225
and 0 < y < 100. The length of the buffer zone and the number of
points in the buffer zone were selected to be similar to those in the
study by Agarwal et al.1 The reasons for the selections can be found
therein. The mesh consists of similar right-angle triangles obtained
by halving the rectangles of a 89 × 49 grid. There are 8500 elements
in the mesh. The mesh is clustered near the origin in both the x and
y directions to resolve the mean flow gradient and the source. The
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Fig. 3 Instability wave and acoustic solution from Agarwal et al.1;
instantaneous pressure at y = 15: ——, acoustic solution and –·–·–·–,
instability wave solution.

Fig. 4 Comparison of DG solution with exact solution from Agarwal
et al.1 for two-dimensional frequency domain problem; instantaneous
pressure at y = 15: ◦, solution from Agarwal et al.1 and ——, DG solu-
tion.

result obtained using a first-order polynomial basis set is shown
in Fig. 4. The acoustic solution from the DG method is compared
with a solution from a second-order finite difference method given
by Agarwal et al.1 The size of the global matrix is over 105. (The
size of a matrix has been defined in Sec. III.B as just the number
of rows.) The solution time using the SuperLU solver on four pro-
cessors is approximately 3.5 min. By comparison, a time domain
solver used on the same number of elements takes a few hours to
obtain a solution at the far field. However, the DG solution needs
improvement. Although the solution was sought on the same grid
using both the DG and SUPG methods, to be discussed later, the
solution from the SUPG method is more accurate. The large error in
the DG method is attributed to the implementation of the boundary
conditions. The solution from the DG method depends heavily on
the methods to implement the boundary conditions, which could be
changed by extending the buffer zone and changing the damping co-
efficients, or by using a perfectly matched layer25 (PML). The order
of approximation and the number of grid points could be increased.
However, an analysis of the computational needs and a comparison
with other finite element methods, as discussed later, will show that
such improvements are unnecessary because the DG method itself
proves to be far more expensive for aeroacoustic problems in the
frequency domain.

IV. Evaluation of DG Method
As mentioned earlier, the size of the global matrix in the DG

method is given by 4N Nel. The number of nonzeros Nnz in the matrix
can be calculated as follows. In the discretized equation (8) for the
two-dimensional LEE, the global matrix is made up of element
volume matrices and element edge matrices. The total number of
these matrices in Pe is equal to the total number of terms in the
matrix Ae

r n( j)
r , that is, 10. Here, n( j)

r is the normal to the side j of a
triangle. Each volume matrix is of size N . For simplicity, the volume
matrices will be considered to be full. The number of nonzeros in the
edge matrices is equal to the number of entries in the mass matrix
in one dimension and is given by (pd + 1)2. Given the three edges,
the total number of nonzeros in an elemental matrix is given by
10[3(pd + 1)2 + N 2]. Hence, the total number of nonzeros in the
global matrix is given by

Nnz = 10
[
3(pd + 1)2 + N 2

]
Nel (14)

with

N = (pd + 1)(pd + 2)/2

Consider a modest 8500-element grid. The size of the global matrix
is 105, and the number of nonzeros is over 1.75 × 106. The size of
the Harwell–Boeing format file containing the sparse global matrix
is 92 MB. The sizes of this matrix are 220 and 660 MB, using
uniformly second- and third-degree basis sets. Thus, the files size
grows rapidly, and it becomes increasingly difficult to deal with the
computer memory. Evidently, the number of nonzeros increases as
the square of the degree of the basis set and is directly proportional
to the number of elements.

In an unstructured grid, the number of elements is generally twice
the number of nodes. With a conventional continuous Galerkin
method, the size of the global matrix is equal to the number of nodes.
Hence, the global matrix from the DG method is twice the size of
that from a continuous FEM. Moreover, the edge flux terms are ab-
sent in a continuous Galerkin formulation. Therefore, the number of
nonzeros is also considerably smaller compared to the DG method.
Given the same 8500-element grid, using a continuous Galerkin
method described in the following section, the number of nonzeros
is 4.5 times less than that of the DG method. Whereas the solution
of the linear system using the DG method requires a parallel solver,
the solution using the SUPG method is obtained in MATLAB on a
single processor in relatively less time.

Some useful conclusions can be drawn from this comparison: The
DG method is suited for seeking a high-order-accurate solution on
unstructured grids. However, for problems requiring a global assem-
bly, the DG method is expensive in memory requirements compared
to conventional continuous Galerkin methods. The memory require-
ment is critical, especially for the case of the LEE in the frequency
domain where the problem involves multiple variables. Even then,
the use of the DG method is recommended in the following cases:

1) The physics of the problem can be expressed using a single
governing equation.

2) An adaptive refinement needs to be performed on unstructured
meshes. The DG method can incorporate the h and pd refinements
very easily, for example, by the use of hanging nodes in the mesh.
However, for an elliptic system of equations, as in the case of LEE,
the use of the DG method poses prohibitive computational memory
constraints compared to the continuous FEM. The memory require-
ments will be much greater for three-dimensional calculations. This
is due to the increased number of nodal variables per element in three
dimensions, especially for higher orders. For example, the number
of variables in a second-order triangular element in two dimensions
is N = 6, and, for a three-dimensional tetrahedron, N = 10. In addi-
tion, because the number of surfaces is higher in three dimensions
compared to the number of sides in two dimensions, the global ma-
trix is expected to be denser due to the additional surface flux terms.

Although FDM are as good as continuous FEM in terms of the
memory requirements, they are not applicable on unstructured grids.
In the following section, the application of continuous Galerkin
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methods to frequency domain aeroacoustic problems is considered.
Particularly, the emphasis is on the use of the SUPG method.

V. SUPG Method
A brief discussion on the application of the SUPG method in the

discretization of a scalar advection equation is given in Appendix A.
The weak form obtained from the SUPG formulation for the system
of equations (3) over an element can be written as∫

�e

ψ

(
−iωq̃ + ∂Ar q̃

∂xr
+ Cq̃

)
d�e

+
∫

�e

τ eAT
k

∂ψ

∂xk

(
−iωq̃ + ∂Ar q̃

∂xr
+ Cq̃

)
d�e

=
∫

�e

ψ s̃d�e +
∫

�e

τ eAT
k

∂ψ

∂xk
s̃ d�e (15)

In the conventional SUPG method, the test function is given by
ψ + Ar (∂ψ/∂xr ). However, the use of AT

r in the place of Ar in
the stabilizing term has been shown to produce superior results
for nonlinear problems.17 Also, Beau et al.19 have used AT

r in the
stabilizing term for the Euler equations applied to compressible
flows with shocks. In this work, because the linearized version of the
compressible Euler equations is used, AT

r is used in the formulation.
The choice of the stability parameter matrix has a significant in-

fluence on the result obtained using the SUPG method. The simplest
method of selecting the stability parameter involves replacing the
convection speed by functions of the eigenvalues of the flux coeffi-
cient matrices. In this work, an expression similar to that provided by
Beau et al.19 is used. The stability parameter matrix is expressed as

τ e = max
(
αhe

r

/
λr

)
I (16)

Fig. 5 Element lengths in triangle.

a) 177 ×× 97 grid used

b) Contour plot of acoustic pressure

Fig. 6 SUPG method in 2d LEE.

with I being a 4 × 4 identity matrix. The element size he
r is the width

of the element in the r th direction, as shown in Fig. 5. Here, λr is
the spectral radius of the coefficient matrix Ar .

A. Discretized Equation
The discretized form of the weak formulation in an element can

be written as

Peq̃e = f e (17)

with

Pe = [−iωI ⊗ Me + Ar � Ke
r + Ce � Me

]+ [−iω
[
τ eAT

k

] � KeT
k

+ [
τ eAT

k Ar

] � Vkr + [
τ eAT

k C
] � Me

]
(18)

f e = [
I ⊗ Me + [

τ eAT
k

] � Ke
k

T
]
s̃e, for k, r = 1, 2 (19)

The element matrices and the symbols are as defined before for the
DG algorithm. The diffusion matrix in an element is defined as

Vkr =
∫

�e

∂ψ

∂xk

∂ψ

∂xr
d�e (20)

A global assembly is carried out with the element matrices and
vectors of Eq. (17). After imposing the boundary conditions, the
resulting linear system is solved using direct solvers.

B. Application to Benchmark Problem
The SUPG method is applied here to the benchmark problem

described in Sec. III.C. The computational domain is taken to be
−250 < x < 225 and 0 < y < 100. In the buffer region, a damping
function of the form given by Eq. (13) is used, with ε = 5 andκ = 1.0.
The computation is performed on two grids made of similar right-
angle triangles. The first grid has 89 × 49 nodes and the second has
177 × 97 nodes in the x and y directions, respectively. The second
grid is shown in Fig. 6a, without the triangulation. The triangles are
created by diagonally halving the rectangular elements. The nodes
are clustered near the origin in both directions to resolve the source
and the high mean flow gradient. The resulting numerical linear
algebraic system is solved using a direct solver in MATLAB,22 using
LU decomposition. The size of the global matrix to be inverted is
(4 × Nnodes)

2. The actual LU decomposition and the solution took
only 4 min for the finer grid case on a 1-GHz Pentium IV processor
with 512-MB RAM. A contour plot of the acoustic pressure obtained
using a first-order SUPG method is shown in Fig. 6b. The values
of the instantaneous pressure along y = 15 at the end of a cycle of
oscillation of the source for the 89 × 49 grid is shown in Fig. 7a.
The improved solution, which is much closer to the exact solution,
is shown in Fig. 7b. The values of the pressure along y = 50 using
the finer grid is shown in Fig. 8. The agreement between the fine
grid solution and the exact solution is very good.
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a) 89 ×× 49 grid

b) 177 ×× 97 grid

Fig. 7 Comparison of exact and SUPG solutions for instantaneous pressure at y = 15.

C. Observations and Future Directions
The SUPG method has an inherent damping that increases with

the size of the element. This can be seen from expression (16). This
means that the artificial dissipation is decreased as the grid resolution
is increased. The grid in the buffer region is coarser than that in the
physical domain, and, hence, there is an inherent damping of the
acoustic waves in the SUPG method. This needs to be taken into
account while choosing the parameters in the damping function in
Eq. (13). There is also a need to reduce the length of the buffer region
surrounding the problem domain to cut down on the computation
time. This requires a study of the damping parameters, as well as an
implementation of the PML in the frequency domain.

The results presented here have been obtained using a value of
α = 0.125 in Eq. (16). It has been observed that the solution is
very sensitive to the value of α and, subsequently, the stabilizing

parameter matrix. The design of the stability parameter matrix re-
quires significant research and analysis. In this implementation of
the SUPG method, a fairly simple expression (16) was chosen for
the stability parameter matrix. Methods using the inverse estimates
of the coefficient matrices and the source matrices, as mentioned by
Codina,17 could be more satisfactory. Also, for higher-order solu-
tions, estimates based on the element matrices Me and Ke have to be
evaluated because they have been documented18 to produce a better
solution in such cases.

VI. Discussion
In this paper, an application of two unstructured grid methods has

been studied for the solution of the LEE in the frequency domain.
This results in a suppression of the instability waves inherent to the
solution. The solvers have been developed using the DG and SUPG



1650 RAO AND MORRIS

Fig. 8 Comparison of exact and SUPG solutions for instantaneous pressure at y = 50.

FEM in two spatial dimensions. The test problem considered is a
recent benchmark problem of acoustic refraction and propagation
in the shear layer of a parallel two-dimensional jet, involving the
suppression of instability waves. The transformation of the LEE
to the frequency domain produces an elliptic system of equations.
This demands an assembly of elements in the computational domain
to produce a global matrix. The resulting algebraic system needs
to be solved directly to suppress the instability waves. The DG
method produces a prohibitively large algebraic system compared
to that produced by the continuous Galerkin method. The number
of nonzeros in the global matrix increases as the square of the order
of approximation. The size of the global matrix is of the order of
the number of elements in the domain. The continuous Galerkin
method, on the other hand, produces much smaller matrices. The
size of the matrix to be inverted is critical for practical applications
where the full LEE have to be used and, hence, multiple variables
are involved.

Recently, Marburg and Schneider26 studied the influence of ele-
ment types on numerical errors in acoustic applications. They con-
sidered the application of the boundary element method (BEM)
to the three-dimensional Helmholtz equation using continuous and
discontinuous elements. The study concluded that the discontinu-
ous elements are more efficient compared to continuous elements.
Although the dimensionality of the surface mesh was the same as
the problems considered in this paper for the two-dimensional LEE,
the discontinuous elements proved to be more efficient compared
to the continuous elements. The BEM, although similar to an FEM,
has a few restrictions such as its inapplicability to nonlinear prob-
lems due to the difference in the basic formulation from the FEM.
When FEM is used with discontinuous elements, there is an ad-
ditional need for the calculation of fluxes on element boundaries.
The basis set in the study consisted of Legendre polynomials. The
present study uses nodal Lagrange polynomials. The choice of the
basis set polynomial affects the boundary flux calculations consid-
erably, as noted by Rao.10 Hence, within the limits of the usage of
nodal polynomials, it is observed in the present study that the use of
discontinuous elements is computationally expensive for frequency
domain applications if adaptive mesh and nonconforming elements
are not employed.

For the purposes of comparison, let us assume that the mesh con-
sisted of rectangular elements. It may be argued that the DG method
can be easily defined on the mesh with linear elements, whereas the

SUPG method, being a continuous method, cannot be defined with
linear elements on a rectangular mesh. Bilinear elements would have
to be used for the SUPG method, which would increase the number
of degrees of freedom. However, in this paper we have interpolated
the mean flow, along with the variables in the LEE on triangular
elements, to evaluate the terms with their products appearing in the
flux formulations as shown in Appendix A. Note that a linear inter-
polation of rectangular elements of the mean flow would introduce
more errors in the mean flow solution used. Also, a nonnodal in-
terpolation that is required on rectangular grids would result in a
larger number of variables in the system, corresponding to the flux
products of the LEE. The situation where rectangular meshes are
used needs further investigation. Under circumstances where trian-
gular meshes and nodal interpolation are used, the SUPG method
has better efficiency compared to the DG method.

VII. Conclusions
The SUPG method has been applied to the LEE in the frequency

domain using a simple expression for the stabilizing parameter. The
suppression of instability waves in a parallel jet has been demon-
strated with the use of the SUPG method. Unlike other frequency
domain solutions in the present literature, no assumptions are made
regarding the nature of the mean flow. The solver based on the
SUPG method has been shown to be applicable for a rotational
mean flow, which makes it more suitable for practical problems
in aeroacoustics. However, the efficiency of the SUPG method
has a few limitations. Continuous elements and, hence, the SUPG
method are harder to use with adaptive grids and nonconforming el-
ements. The resources required for the SUPG method could indeed
become prohibitive due to the restriction of a conforming mesh,
especially for high-frequency applications in three-dimensional
problems.

Appendix A: Formulation of DG and SUPG Methods
The formulation of the DG method and the SUPG method are

described for a two-dimensional elliptic conservation equation. For
simplicity, the governing equation is chosen to be the conservation
equation of a scalar variable in a bounded domain � ∈ R2 given by

cq + ∇ · F = s (A1)
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where c is a constant and q is the conserved variable. F is the flux,
which is a function of q , and s is a source term independent of q.
Let the domain be divided into a number of triangular elements �e,
and in each element q is approximated in a fashion similar to that
in Eq. (4) using Lagrange polynomials.

A. DG Algorithm
An application of the the Galerkin method to Eq. (A1), followed

by an integration by parts, yields∫
�e

ψk

N∑
j = 1

ψ j cqe
j d�e −

∫
�e

∇ψk · Fe d�e

+
∫

∂�e

ψk F̄ e
R d� =

∫
�e

ψkse d�e (A2)

for k = 1, . . . , N . Here, d� is an edge of the triangle and F̄R is the
Riemann flux through the edge. The Riemann flux is approximated
using the traces of the flux values of the element and the neighboring
element on the common surface or edge. In the present work, the
Riemann flux is approximated using the Lax–Friedrich’s form (see
Ref. 7)

F̄ e
R = 1

2

[(
F̄e

+ + F̄e
−
) · n∂�e − α

(
q̄e

+ − q̄e
−
)]

(A3)

where F̄e
− is the trace of the flux of the element to the left of the edge

and F̄e
+ is that of the element to the right of the edge. Here, n∂�e

is the unit normal to the edge from left to right and α is a smooth
positive parameter chosen for the upwind bias. The value of α is
chosen to be close to the convection speed, given by dF/du. Then,
for k = 1, . . . , N ,∫

�e

ψk

N∑
j = 1

ψ j cqe
j d�e −

∫
�e

∇ψk · Fe d�e

+
∫

∂�e

ψk F̄ e
R d� =

∫
�e

ψkse d�e (A4)

In general, the flux can be a nonlinear function of q. The flux term
is approximated using the same basis set, similar to Eq. (6),

F ≈
N∑

j = 1

f jψ j (A5)

Here, the nodal values are denoted by Fe = { f e
j }. Let the source term

also be approximated in fashion similar to q , with the nodal values
denoted by se. Then Eq. (24) is written as

cMeqe − Kef e + be = Mese (A6)

The notation qe = {qe
j }, j = 1, . . . , N has been used, and the ex-

pression for the terms in F̄ e
R , to be explained later, are omitted. Here

the elements of the mass matrix are

Me
k j =

∫
�e

ψkψ j d�e ∀ k, j = 1, . . . , N (A7)

and the elements of the stiffness matrix are

Ke
k j =

∫
�e

∇ψkψ j d�e ∀ k, j = 1, . . . , N (A8)

It is convenient to carry out the integrations in the formulation (A2)
in transformed coordinates. The integrals are calculated on a mapped
element. In this study, a right-angle triangle is used. The final equa-
tion is evaluated and assembled in the real coordinates of �.

The edge flux term is formed by the sum of the contributions
from the three sides of the triangular element. Let the contribution

from side j be denoted as bej . By the use of the Lax–Friedrich’s
expression in Eq. (A3), the edge flux on the side j is

bej = 1

2

∫
�e

ψ(F̄ ej + F̄NE j )n j
r d�ej − α

2

∫
�e

ψ(q̄NE j − q̄ej ) d�ej

(A9)
When the flux expansion is used,

bej = 1

2

[∫
�e

ψψT d�ej

]{
Fej

r + FNE j
r

}
n j

r − α

2

[∫
�e

ψψT d�ej

]
× {qNE j − qej } (A10)

Now, Lagrange polynomials reduce to their one-dimensional equiv-
alents along the edges. Thus, the matrix[∫

�e

ψψT d�ej

]
is a rearrangement of the one-dimensional mass matrix. The exact
structure of this matrix is given by Rao.10 This matrix of size N × N
is denoted as the edge flux matrix

Bej =
[∫

�e

ψψT d�ej

]
(A11)

B. SUPG Algorithm
For simplicity, it is assumed that the flux varies linearly with the

variable in Eq. (A1), with a constant speed of advection denoted
by a:

F = aq (A12)

The discretized weak form of the traditional Galerkin approach us-
ing the element approximation (4) is∫

�e

ψk(a · ∇ψ j )q
e
j d�e +

∫
�e

c(ψkψ j )q
e
j d�e =

∫
�e

ψks d�e

k, j = 1, . . . , N (A13)

The weak form has an unsymmetrical term associated with the con-
vection operator. In the SUPG method, an upwind biased diffusion
term is added27 to the weak form by modifying the test function

ψ ⇒ ψ + τ ea · ∇ψ (A14)

Here, τ e is a stabilizing parameter controlling the artificial dissi-
pation and is determined based on the element size, the reaction
coefficient c, and the convection velocity. A possible candidate for
τ e when c = 0 is

τ e = αhe/2|a| (A15)

with α as a positive constant. The discretized weak form in Eq. (33)
now becomes∫

�e

ψk

(
a · ∇ψ j q

e
j d�e + cψ j q

e
j − s

)
d�e

+
∫

�e

τ ea · ∇ψk

(
a · ∇ψ j q

e
j + ψ j q

e
j − s

)
d�e = 0 (A16)

The second term corresponds to the SUPG formulation. The product
of the gradients of the test and trial functions in the first term of the
SUPG expression is essentially the artificial diffusion term.

Appendix B: Kronecker Product and Row Multiple
A. Kronecker Product

The result of the Kronecker product ⊗ of a matrix X of size
M × M with a matrix Y of size N × N is defined to be a matrix of
size MN × MN, made up of M × M blocks of Y multiplied with the
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elements of X. The (k, j)th block, which is of size N × N , is given
by

[X ⊗ Y](k j) = [X(k j)Y], ∀ k, j = 1, . . . , M (B1)

An example illustrating the Kronecker product is[
a b

c d

]
⊗ [D] =

[
a[D] b[D]

c[D] d[D]

]
(B2)

B. Row Multiple
The symbol � is defined to be a row multiple of two matrices, X

and Y, of sizes M × M and N × N , respectively. This is a product
defined in the case when the elements of X are nodal variables,
expanded in a basis set of size N . For example, the flux coefficient
matrices are made up of mean flow values that are nodal variables.
The row multiple of X with Y is then defined to be made of M × M
blocks of Y, with the columns in every row of Y multiplied by
the corresponding expansion coefficients of the elements of X. The
(k j)th block of the row multiple, which is of size N × N , is defined
to be

[X � Y](k j) = [
Xe(k j)

mYnm

] ∀ k, j = 1, . . . , M

∀ m, n = 1, . . . , N (B3)

with

X(k j) ≈
N∑

n = 1

Xe(k j)
nψn

In Eq. (B3), the Einstein summation convention is not applied to the
repeated index m.
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